A free-electron laser (FEL) operating in the quantum regime can provide a compact and monochromatic x-ray source. Here we present the complete quantum model for a FEL with a laser wiggler in three spatial dimensions, based on a discrete Wigner-function formalism taking into account the longitudinal momentum quantization. The model describes the complete spatial and temporal evolution of the electron and radiation beams, including diffraction, propagation, laser wiggler profile and emittance effects. The transverse motion is described in a suitable classical limit, since the typical beam emittance values are much larger than the Compton wavelength quantum limit. In this approximation we derive an equation for the Wigner function which reduces to the three-dimensional Vlasov equation in the complete classical limit. Preliminary numerical results are presented together with parameters for a possible experiment. The realization of a free-electron laser (FEL) in the selfamplified spontaneous emission (SASE) mode [1] is presently the goal of several projects, such as the LCLS [2] at Stanford, USA, and XFEL [3] in Hamburg, Germany, to obtain a high-brightness x-ray source. However, such sources will radiate a pulse with a broad spectrum composed by many random superradiant spikes [4] . Recently it has been shown that a FEL can operate in a quantum regime [5] , in which the spiking behavior observed in the SASE mode disappears and the spectrum is composed by a single narrow line [6, 7] , providing a huge improvement in the coherence of SASE-FEL based x-ray sources. The transition from the classical to the quantum regime is controlled by the ''quantum FEL parameter'' mc r =@k r (where is the FEL parameter [1]), equal to the ratio between the maximum classical momentum spread (of the order of mc r ) and the photon recoil momentum @k r . It expresses also the maximum number of photons emitted per electron in the classical regime. When 1 a SASE-FEL operates in the classical ''multiphoton'' regime, and the spectrum of the emitted field is broad and chaotic. Conversely, when 1 each electron emits a single photon and the spectrum consists of a single line, whose width is Fourier limited by the electron beam duration [8] .
The realization of a free-electron laser (FEL) in the selfamplified spontaneous emission (SASE) mode [1] is presently the goal of several projects, such as the LCLS [2] at Stanford, USA, and XFEL [3] in Hamburg, Germany, to obtain a high-brightness x-ray source. However, such sources will radiate a pulse with a broad spectrum composed by many random superradiant spikes [4] . Recently it has been shown that a FEL can operate in a quantum regime [5] , in which the spiking behavior observed in the SASE mode disappears and the spectrum is composed by a single narrow line [6, 7] , providing a huge improvement in the coherence of SASE-FEL based x-ray sources. The transition from the classical to the quantum regime is controlled by the ''quantum FEL parameter'' mc r =@k r (where is the FEL parameter [1] ), equal to the ratio between the maximum classical momentum spread (of the order of mc r ) and the photon recoil momentum @k r . It expresses also the maximum number of photons emitted per electron in the classical regime. When 1 a SASE-FEL operates in the classical ''multiphoton'' regime, and the spectrum of the emitted field is broad and chaotic. Conversely, when 1 each electron emits a single photon and the spectrum consists of a single line, whose width is Fourier limited by the electron beam duration [8] .
For an experimental realization of a quantum freeelectron laser (QFEL) it is necessary to use a laser wiggler instead of the usual magnetic wiggler [9] . Such a choice sets stringent conditions on the electron beam quality [8] , which can be explored only by numerical simulations in three spatial dimensions (3D). In this Letter we extend the 1D Wigner model of QFEL [10] to a full 3D model with a laser wiggler, and we present preliminary results of the numerical code QFEL3D. In QFEL [5, 11] , the electrons' system can be described by the Liouville -von Neumann equation @%=@ z iĤ;% for the electron density operator%, where in the 1D limit the Hamiltonian operator is [12] :
With a circularly polarized counterpropagating laser beam (laser wiggler) instead of the usual static wiggler, the variables and the parameters in Eq. (1) are defined as follows: 
2=3 is the classical FEL parameter, I is the beam peak current, I A 17 kA is the Alfvén current, is the transverse rms beam size; a 0 eE 0 =mc 2 k L and E 0 is the laser electric field; A is the slowly varying amplitude of the radiation field, defined such that jAj 2 0 jE r j 2 =@! r n b is the average number of photons emitted per electron, E r is the radiation electric field, n b I=2
2 ec is the electron density and ! r ck r . The operators associated with the electron position and momentum p are andp ÿi@=@, so that ;p i. In this formalism z takes the role of the ''time'', whereas z 1 is the longitudinal coordinate in the electron rest frame and appears in Eq. (1) as a parametric dependence in the classical field amplitude A. The 1D discrete Wigner-function representation of the statistic operator% is W n ; z; z 1 w n ;
z; z 1 [13] , where
and s n or s n 1=2, with n, m 2 Z. Notice that w s has indexes both integer and half-integer, and w n and w n1=2 are periodic functions of , with a period and 2, respectively. With these definitions, it has been shown that QFEL can be described in the 1D limit by the following equations [10] :
Notice that the momentum quantization appears in Eq. (3) as a finite difference in the interaction term with the electromagnetic field.
The 1D FEL Wigner model of Eqs. (3) and (4) can be conveniently extended to a three-dimensional description of the electron and field dynamics. Classically, a 3D analysis of FELs is accomplished either by tracking the macroparticle trajectories in the self-consistent fields and then calculating the bunching term in the field equation by averaging over the electrons [14] , or by solving the Vlasov-Maxwell equations for the electron distribution and the field amplitude [15] . In the quantum description, the evolution of the electron density operator% is determined by the following 3D Hamiltonian operator:
This expression extends the 1D operator (1) z (equal to unity in the 1D model) and, for a TEM 00 Gaussian mode, it can be written as
where
and R is the minimum rms laser radius at the beam waist position z 0 . In the 3D description, the Wigner functions (2) are extended to include the transverse dynamics:
where s is integer or half-integer. Tracing the Wigner function over one variable, we obtain the probability distribution for the other variables. In particular, the momentum distribution is P m p t ; [7] .
Differentiating Eq. (7) and inserting it in the Liouvillevon Neumann equation for% with the Hamiltonian operator of Eq. (5), with long but standard procedures we have obtained the exact evolution equation for the Wigner function w s (which will be published in a more extended paper). This equation describes an electron beam with any transverse normalized emittance, down to the Compton wavelength quantum limit. However, here we are interested in describing an electron beam in which the transverse momentum distribution is thermal, with a width x 0 n = r much larger than the quantum limit c = r of an ultracold beam with normalized emittance n r xx 0 c (i.e., limited by the Heisenberg Uncertainty Principle only, xp x @, with p x mc r x 0 and x ). To this purpose, we have introduced the dimensionless transverse momentum p t r = n x 0 t p t and performed a series expansion in powers of in the exact motion equation for w s . Then, PRL 100, 044801 (2008) P 
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In Eq. (9) , where x 00 t ÿa 2 0 =2 2 r r x t jgj 2 is the ponderomotive force due to the laser transverse gradient.
A numerical code QFEL3D has been developed for solving the coupled Eqs. (8) and (9) based on a Fourier decomposition of the Wigner function and on finite-difference integration of the motion equations on a Cartesian threedimensional spatial grid. In the simulations the initial electron beam was described by a thermal state of energy mc 2 0 and transverse phase space distribution w 0 ;
, with the waist position at z z 0 . For simplicity, we did not include in the model the electrons' energy spread, which, however, can be taken into account by an inhomogeneous broadening in the equation for A, as it has been described in Ref. [16] .
Here we present preliminary results for the quantum regime, 0:2, in steady-state operation mode, i.e., neglecting z 1 dependence. Furthermore, we assume a uniform laser wiggler (g 1), which can be realized using a laser with a flattened transverse profile. Such lasers can be produced by suitable transparency films [17] or by overlapping different Gaussian beams [18] . In both cases, it is possible to realize a laser which remains almost transversally flat within few Rayleigh ranges Z L from the beam waist.
Assuming g 1, the system depends on the diffraction and emittance parameters only, namely a and b. The interaction is over 10 gain lengths ( z max c int =L g 10) and the beam waist is in the middle, Figure 1 shows the total FEL radiation energy, E z R d 2 x t jAj 2 , vs z for the cases (a)-(c). Figure 2 shows a color map of the intensity in the plane ( x, z) for the (b) case. It can be seen that intensity saturates to a lower level in the beam halo with respect to the beam axis, and that the gain changes along the transverse direction. Notice that the total emitted energy and the on-axis peak intensity can reach a significant fraction of the 1D model for the proposed parameters (b).
In summary, we have proposed a novel 3D quantum model for a FEL with a laser wiggler, which takes into account transverse emittance and radiation diffraction effects as well as longitudinal propagation effects and the spatial profile of the laser wiggler field. The electron motion is described by a Wigner function, combining the classical transverse motion and the quantum longitudinal dynamics. Preliminary numerical results show that the detrimental effect of the emittance on the gain does not prevent for an exponential amplification of the radiation with reasonable experimental parameters. Further studies are required to investigate in detail the effects of the spatial variation of the laser wiggler intensity and the 3D dynamics of the SASE mode operation.
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